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ABSTRACT
The Wilsonian exact renormalization group gives a natural framework in which
ultraviolet and infrared divergences can be treated separately. In massless QED
we introduce, as the only mass parameter, a renormalization scale ΛR > 0. We
prove, using the flow equation technique, that infrared convergence is a necessary
consequence of any zero-momentum renormalization condition at ΛR compatible
with the effective Ward identities and axial symmetry. The same formalism is
applied to renormalize gauge-invariant composite operators and to prove their
infrared finiteness; in particular we consider the case of the axial current operator
and its anomaly.
∗Work supported in part by M.U.R.S.T.
INTRODUCTION
The quantization of massless theories requires the introduction of a mass scale which,
in perturbation theory, can appear for instance in the renormalization conditions as a non-
zero momentum subtraction point [1]. In these theories one has to deal both with infrared
and ultraviolet divergences and it is convenient to choose a renormalization scheme allowing
a separate treatment of these divergences. The frequency-splitting Wilsonian approach to
renormalization [2] yields an elegant way of making this separation.
In [3] this splitting is realized in massless gφ4 replacing the scalar field with hard and soft
fields, which roughly propagate respectively above and below the renormalization scale ΛR;
it is shown that in the hard-soft theory the renormalization conditions can be taken at zero
momentum, allowing a simpler BPHZ renormalization than using a non-zero momentum
subtraction point.
Making a momentum decomposition with a continuous scale Λ, the Wilsonian Green
functions satisfy an exact renormalization flow equation [2], using which Polchinski [4] gave
a simple proof of renormalizability in massive gφ4 for Green functions with momenta smaller
than ΛR. In [5] the same equation has a complementary meaning; it describes indeed the
variation of the Green functions computed with an infrared cut-off Λ, as Λ varies from
the ultraviolet cut-off Λ0 to 0; technical semplifications of the proof in [4] were moreover
obtained. This proof has been extended to the massless case in [6,7]. In [8] it was noticed
that the [4] and [5] approaches can be dealt together using a hard-soft field decomposition.
It is clear that the approach [3] is related to the one in [4–8]; to our knowledge this
relation has not been discussed in the literature. In both cases the hard-soft decomposition
at scale ΛR allows the choice of zero-momentum renormalization conditions, which we will
call in the following hard-soft (HS) renormalization schemes.
The main differences between the two approaches are: i) the hard-soft field decomposition
depends on the cut-off function chosen; in [3] the cut-off function is
Λ2
R
p2+Λ2
R
, so that the soft
theory is super-renormalizable; in [4] and [5] a smooth compact-support cut-off function is
chosen, and the corresponding soft theory is ultraviolet-finite. ii) from a technical point
of view, in [3] Λ is kept fixed at ΛR and the proof of renormalizability is made using the
standard BPHZ results, while the analogous proof in [4,5] is made using the flow equation
for varying Λ.
Apart from renormalizability, other issues have been studied independently in these two
approaches.
In [3] the ΛR-dependence of the Green functions is controlled by a renormalization group
equation, proved using the Quantum Action Principle; in the Polchinski approach it is
controlled similarly by the renormalization flow equation [9].
The application of these methods to the case of gauge theories might seem difficult,
since the hard-soft decomposition is not gauge invariant; however, in the approach of [3], it
has been shown in [10] that, after this splitting, the original BRS invariance is replaced by
a generalized non-local BRS symmetry in the hard-soft theory. Analogously, Polchinski’s
approach has been extended to the case of gauge theories in [11–16]. In [11] it has been
shown that in Yang–Mills theory there are effective Ward identities for the Wilsonian action
at scale Λ. The corresponding Slavnov–Taylor identities on the effective 1-PI functional
generator have been written down in [17,18] . We will show that these identities follow
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indeed from generalized non-local BRS symmetry in the hard-soft theory; in the particular
case in which the cut-off function is
Λ2
R
p2+Λ2
R
and the Feynman gauge is chosen, this is the
non-local BRS symmetry discussed in [10].
In [11] the effective Ward identities have been proven in a HS scheme together with
renormalizability without dealing with the infrared problem. This problem has been ad-
dressed using the flow equation in [14,16], where the renormalization conditions have been
chosen more conventionally at Λ = 0 and at a non-zero momentum subtraction point; in
this scheme the infrared and ultraviolet problems must be solved together, loop by loop.
Although this solution of the infrared problem guarantees, using the flow equation, its
solution in the HS schemes, it would be simpler and more natural to give a direct proof in the
latter schemes, relying only on the effective Ward identities of [11]: infrared finiteness and
the usual Ward identities should follow simply from this requirement. Another motivation
for a direct solution of the infrared problem in the HS schemes, already advocated in [3], is
that it is technically easier to make subtractions at zero-momentum rather than at a non-
zero subtraction point; this fact is particularly relevant when the Ward identities cannot be
trivially maintained with a suitable choice of regularization.
In this perspective it is interesting to investigate further the HS schemes; to make these
schemes useful tools, one should be able to reproduce the main results in QFT without
making any reference to other more traditional renormalization schemes; first of all, it is
necessary to prove the infrared finiteness.
In this paper we consider massless QED as a simple model to implement this program.
We outline a proof of infrared finiteness in massless QED in a HS scheme with smooth cut-
off, using the flow equation technique. There are only two relevant couplings which are not
fixed by symmetry requirements at ΛR; for any value of them the theory is infrared finite.
In fact the proof is in some way simpler than in massless gφ4, where the relevant coupling
of dimension two must be fine-tuned at ΛR to ensure infrared finiteness.
We discuss gauge-invariant composite operators using a variant, in the HS scheme, of the
Zimmermann definition of the normal products. In particular we define the gauge-invariant
axial current operator and we show how the axial anomaly appears in this context.
In the first section we discuss the hard-soft decomposition in gauge theories, showing that
the gauge (or BRS) symmetry is replaced by a non-local symmetry between the hard and
soft fields, along the lines of [10], leading to the effective Ward identities found subsequently
in [11,17,18] on the Wilsonian action. In the second section we make one-loop computations
in massless QED using a HS renormalization scheme. In the third section we use the effective
Ward identities in massless QED to prove its infrared convergence in a HS scheme using the
exact renormalization flow equation. We discuss the effective axial Ward identity in terms of
Zimmermann-like normal operators. The last section contains remarks and the conclusion.
I. HARD-SOFT RENORMALIZATION IN GAUGE THEORIES
A. Scale decomposition
In this subsection we review the hard-soft field formalism along the lines of [3], [19] and
[8]; our presentation holds also in the case of momentum cut-off functions with compact
support.
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Consider a massless field theory in Euclidean four-dimensional space, with classical action
Scl(Φ) =
1
2
ΦD−1Φ+ SIcl(Φ)
where we use a compact notation in which Φ ≡ {Φi} is a vector corresponding to a collection
of fields and the index i includes the space-time variables; D ≡ {Dij} is the propagator
matrix. Dij = (−1)
δjDji where δj = 0 (or 1) for an (anti)commuting field Φj . In all inner
products like ΦD−1Φ ≡ ΦiD
−1
ij Φj the inner product symbol is understood.
The bare action has the form:
SΛ0(Φ) =
1
2
ΦD−10Λ0Φ + S
I
Λ0(Φ) (1)
where D0Λ0 = DKΛ0; Λ0 is the ultraviolet cut-off.
The cut-off function KΛ(p) = K
(
p2
Λ2
)
can be defined in various ways; for some purposes
it is convenient to define it on a compact support (this is the choice made by Polchinski
in his proof of renormalizability of φ4 using the exact renormalization flow [4]) or it can
be defined analytic, as long as it goes to zero at least as Λ4/p4 for large momentum and
K(0) = 1; we will use such a cut-off in the next section.
At tree level SIΛ0(Φ) = S
I
cl(Φ). At quantum level the theory is characterized by a renor-
malization mass scale ΛR. The usual functional generator is
Z0Λ0[J ] = e
W0Λ0 [J ] =
∫
DΦe−SΛ0 (Φ)+JΦ (2)
The corresponding usual 1-PI functional generator is called Γ0Λ0 [Φ].
Define now fields ΦS and ΦH on the supports of
KΛR ≡ KS KΛ0 −KΛR ≡ KH (3)
respectively, with propagators
D0ΛR = KΛRD ≡ DS DΛRΛ0 = (KΛ0 −KΛR)D ≡ DH (4)
Using gaussian integration one can decompose the usual functional integral in the fol-
lowing way:
Z0Λ0 [J ] = N
∫
DΦSDΦHe
−SΛ0 (ΦS ,ΦH )+J(ΦS+ΦH) (5)
where N is a normalization constant and
SΛ0(ΦS,ΦH) =
1
2
ΦSD
−1
S ΦS +
1
2
ΦHD
−1
H ΦH + S
I
Λ0
(ΦS + ΦH) (6)
The Wilsonian path-integral, in which only the high modes ΦH are integrated out, is
ZΛRΛ0 [J,ΦS] = expWΛRΛ0 [J,ΦS] =
∫
DΦHe
−SΛ0 (ΦS ,ΦH)+JΦH (7)
Making a Legendre transformation from WΛRΛ0 to ΓΛRΛ0 one arrives at an expression for
the effective action of the form
3
ΓΛRΛ0 [ΦS,Φ
c
H ] =
1
2
ΦSD
−1
S ΦS +
1
2
ΦcHD
−1
H Φ
c
H + Γ¯
int
ΛRΛ0
[ΦS,Φ
c
H ] (8)
where
Γ¯intΛRΛ0 [ΦS,Φ
c
H ] = Γ
int
ΛRΛ0
[ΦS + Φ
c
H ] (9)
In fact (for p in the intersection of the supports of KH and KS):
0 =
∫
DΦH
δ
δΦH(p)
e−SΛ0 (ΦS ,ΦH )+JΦH
=
∫
DΦH
[
−D−1H ΦH −
δSIΛ0
δΦS
+ (−)δJ
]
e−SΛ0 (ΦS ,ΦH)+JΦH
=
[
−D−1H
δWΛRΛ0
δJ
+ (−)δJ +
δWΛRΛ0
δΦS
+D−1S ΦS
]
eWΛRΛ0 [J,ΦS ]
where δ = 0 (or 1) for (anti)commuting fields. Making the Legendre transformation one
obtains
−D−1H Φ
c
H +
δΓΛRΛ0
δΦcH
+D−1S ΦS −
δΓΛRΛ0
δΦS
= 0
and using eq. (8) one has
δΓ¯intΛRΛ0
δΦcH
−
δΓ¯intΛRΛ0
δΦS
= 0
which proves eq. (9).
B. Effective Ward identities
The hard-soft decomposition is not gauge-invariant. As discussed in [10] in the context
of BRS quantization, the symmetry of the original theory is not lost, but it is replaced by a
non-local symmetry on the hard and soft fields. Let us consider first the simpler case of an
abelian gauge theory, in which it is not necessary to introduce ghosts.
Consider an abelian gauge theory with gauge-fixed classical action Scl(Φ) and infinitesi-
mal gauge transformations
δΦ = R(ω)Φ + T (ω) (10)
where ω is the infinitesimal gauge parameter. For instance in electrodynamics the field
content is Φ = (Aµ, ψ, ψ¯) , with gauge transformations
δAµ = −
1
e
∂µω δψ = iωψ δψ¯ = −iωψ¯
The classical action transforms as δScl(Φ) = c(ω)Φ where cΦ is the breaking term due to
the (linear covariant) gauge-fixing.
After the scale decomposition described above the gauge symmetry acts non-locally on
the hard and soft fields; under
4
δΦS = KS [R(ΦS + ΦH) + T ] δΦH = KH [R(ΦS + ΦH) + T ] (11)
the action (6) transforms as
δSΛ0(ΦS,ΦH) = c(ΦS + ΦH) +OΛ0(ΦS,ΦH ;ω) (12)
OΛ0 depends on its arguments only through their sum; at tree level it is an irrelevant term
vanishing for Λ0 →∞.
Multiplying eq. (12) by e−SΛ0 (ΦS ,ΦH )+JΦH and performing a functional integration over
ΦH , after an integration by parts one gets:
0 =
∫
DΦH
[
δΦS
δ
δΦS
− JδΦH + c(ΦS + ΦH) +OΛ0(ΦS + ΦH ;ω)
]
e−SΛ0 (ΦS ,ΦH)+JΦH (13)
The correctness of the naive procedure leading to eq. (13) is ensured, in the perturbative
framework, by the Quantum Action Principle [20,21]; if there are no anomalies OΛ0 is
evanescent at quantum level, being evanescent at tree level. We will prove this point in the
third section using the flow equation technique.
Making the Legendre transformation to ΓΛRΛ0, using eqs. (8,9) and collecting terms, the
effective Ward identity depends only on the field Φ = ΦS + Φ
c
H ; one gets
(RΦ + T )
[
KΛ0
δΓintΛRΛ0
δΦ
+D−1Φ
]
− cΦ = TΛRΛ0[Φ;ω] +OΛRΛ0[Φ;ω] (14)
where OΛRΛ0 [Φ;ω] is the functional generator of the operator insertion corresponding to OΛ0
and
TΛRΛ0 [Φ;ω] ≡ trKSR
δ2WΛRΛ0
δJδΦS
= trD−1H KΛRR
[
DT−1H +
δ2ΓintΛRΛ0
δΦ2
]
−1
+ const. (15)
in which the trace includes a momentum loop and
[
δnΓ
δΦn
]
i1...in
≡ δ
nΓ
δΦi1 ...δΦin
; const. is an
unimportant field-independent term.
TΛRΛ0 is the non-linear part of the effective Ward identity on ΓΛRΛ0; it has the form of
a one-loop skeleton diagram. If the proper vertices are renormalized up to loop l − 1, then
TΛRΛ0 is finite at loop l; in fact the loop contained in the trace has the ultraviolet cut-off
KΛR, so that TΛRΛ0 → TΛR finite for Λ0 → ∞. If there are no anomalies, it is possible to
choose ΓΛRΛ0|rel such that OΛRΛ0 [Φ;ω] is evanescent, namely beyond the tree level:[
(RΦ + T )
δΓintΛR∞
δΦ
]
|rel = (RΦ+ T )
δΓintΛR∞|rel
δΦ
= TΛR∞|rel[Φ;ω] (16)
Since ΛR > 0, the 1PI Green functions are regular functions of the momenta (in particular
in the origin). Therefore in (16) the relevant terms can be defined at zero-momentum in the
hard-soft renormalizaton scheme and the first equality is actually trivial.
In sect. III we will show that if eq. (16) is satisfied the effective Ward identities of the
hard-soft theory become exact in the limit Λ0 →∞:
(RΦ + T )
[
δΓintΛR∞
δΦ
+D−1Φ
]
− cΦ = TΛR[Φ;ω] (17)
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In Sect. III it will be shown that, if eq. (16) holds, then the usual Ward identity on Γ0∞[Φ]
is satisfied.
The effective Ward identities for a composite operator O can be obtained easily by
introducing a source term
∫
dxη(x)O(x) in the action (6), and then by differentiating with
respect to η(x) in η = 0 the extended version of eq. (14). We will consider the case of
a gauge-invariant definition of the composite operator iψ¯(x)γµγ5ψ(x) with an associated
source η5µ(x). The action with this source term is invariant at tree level under the local
axial transformation:
δ5Aµ(x) = 0 δ5ψ(x) = iω5(x)γ5ψ(x)
δ5ψ¯(x) = iω5(x)ψ¯(x)γ5 δ5η5µ(x) = −∂µω5(x) (18)
In a compact notation we shall write the previous formula δ5Φ = R5Φ and δ5η5 = T5
Proceeding as in eqs. (13,14) one arrives at
(R5Φ + T5)
[
KΛ0
δΓintΛRΛ0
δΦ
+D−1Φ
]
+ T5
δΓintΛRΛ0
δη5
= (19)
= trD−1H KΛRR5
[
DT−1H +
δ2ΓintΛRΛ0
δΦ2
]
−1
+O5ΛRΛ0 [Φ;ω]
where O5ΛRΛ0[Φ;ω] is evanescent at tree level, but not at quantum level as we will see in
sections II and III.
The fact that in the hard-soft decomposition the symmetries of the original lagrangian
are not lost, but become non-local symmetries which are well-defined at the quantum level
has been first shown in [10]; it is true not only in the abelian but also in the non-abelian
case.
Consider an action SΛ0(Φ) of the form (1) which modulo irrelevant terms is invariant
under the BRS transformations δΦ = ǫP (Φ); Φ denotes physical and ghost fields, ǫ is
an anticommuting parameter and P (Φ) is polynomial in the fields. After the hard-soft
decomposition the BRS symmetry is replaced by the non-local BRS transformations [10]:
δΦS = ǫKSP (ΦS + ΦH) δΦH = ǫKHP (ΦS + ΦH) (20)
which is analogous to (11). The action (6) transforms as
δSΛ0(ΦS,ΦH) = ǫOΛ0(ΦS + ΦH) (21)
where OΛ0 is evanescent at tree level. Adding to JΦH the source term ηP (ΦS + ΦH) and
proceeding as in eqs. (13,14,15) we obtain:
−
δΓintΛRΛ0
δη
[
KΛ0
δΓintΛRΛ0
δΦ
+D−1Φ
]
= TΛRΛ0 [Φ, η] +OΛRΛ0[Φ, η] (22)
where OΛRΛ0 [Φ, η] is the functional generator of an operator insertion which is irrelevant at
tree level and
TΛRΛ0 [Φ, η] ≡ trKS
δ2WΛRΛ0
δηδΦS
= −trDT−1H KΛR
δ2ΓintΛRΛ0
δηδΦ
[
DT−1H +
δ2ΓintΛRΛ0
δΦ2
]
−1
(23)
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Eq. (22) is the effective Slavnov-Taylor identity which has been derived in the context of the
exact renormalization flow in [11,17,18].
Let us finally remark on the choice of the cut-off function. In [3,10] the cut-offKΛ =
Λ2
p2+Λ2
is used. This cut-off does not eliminate completely the divergences in the soft theory, which
has soft propagator and Wilsonian vertices; loops containing a single soft propagator can
be divergent; renormalization conditions on the two-point functions must be imposed after
integrating over ΦS . The non-local BRS transformations introduced in [10] have not the
same form as eq. (20); however in the Feynman gauge they coincide with the Λ0 →∞ limit
of eq. (20) provided the above-mentioned cut-off function is chosen.
II. QED AT ONE LOOP
A. Ward identities at one loop
Let us illustrate a hard-soft renormalization scheme in the case of massless QED at one
loop. At tree level the action is, in the Feynman gauge,
S(0) =
∫
p
1
2
Aµ(−p)p
2Aµ(p) + ψ¯(−p)i/pψ(p) +
∫
p1p2
ψ¯(p1)ieγ
µψ(p2)Aµ(−p1 − p2) (24)
where
∫
p ≡
∫ d4p
(2pi)4
. The propagators are
S(p) =
−i
/p
Dµν(p) =
1
p2
δµν (25)
To renormalize the theory in the HS scheme it is sufficient to renormalize the Wilsonian
theory with hard propagators DH (see eq. (4)) and bare interacting action, whose l-th term
in the loop expansion is
S
(l)I
Λ0
=
∫
p
1
2
Aµ(−p)
[
c
(l)
1 δµν + c
(l)
2 (p
2δµν − pµpν) + c
(l)
3 p
2δµν
]
Aν(p) + c
(l)
4 ψ¯(−p)i/pψ(p) +∫
p1p2
c
(l)
5 ψ¯(p1)ieγ
µψ(p2)Aµ(−p1 − p2) +
∫
p1p2p3
c
(l)
6
8
Aµ(p1)Aµ(p2)Aν(p3)Aν(−
3∑
i=1
pi) (26)
The renormalization conditions are chosen loop by loop imposing eq. (16); they depend on
two renormalization constants and on the cut-off. To be able to determine these conditions
analytically we will choose a simple cut-off function:
KΛ(p) =
Λ4
(p2 + Λ2)2
(27)
The usual Green functions are then computed using the previously determined bare
action and the propagatorDKΛ0. As a consequence of eq. (5), this is equivalent to computing
the Green functions with the action (6), SIΛ0 being given in (26), with Aµ = ASµ+AHµ and
ψ = ψS + ψH .
At one loop the effective Ward identity (14) on the photon two-point function is
7
1e
pνΓ
(1)ΛR∞
νµ (p) = T
(1)ΛR∞
µ (p) (28)
where
T (1)ΛR∞µ (p) = 2ie
∫
q
KΛR(q)TrS
ΛR∞(q + p)γµ (29)
Using the Lorentz invariant decomposition Γµν(p) = A(p
2)(p2δµν − pµpν) + B(p
2)δµν the
renormalization conditions on the photon two-point function compatible with the effective
Ward identities are
A(1)ΛR∞(0) = z
(1)
3 B
(1)ΛR∞(0) =
5
24
e2Λ2R
π2
∂p2B
(1)ΛR∞(p2)|p2=0 = −
e2
24π2
(30)
The renormalization conditions on the electron two-point function and on the electron-
photon vertex are
Σ(1)ΛR∞(0) = 0
∂Σ(1)ΛR∞
∂pµ
(p)|p=0 = iγµz
(1)
2 Γ
(1)ΛR∞
µ (0, 0) = ieγµz
(1)
1 (31)
(the first condition is required by the rigid axial invariance).
Using the effective Ward identity (14) we obtain (see also [12])
1
e
(p− q)µΓ
(1)ΛR∞
µ (p,−q) + Σ
(1)ΛR∞(q)− Σ(1)ΛR∞(p) = T (1)ΛR∞(p,−q) (32)
where
T (1)ΛR∞(p,−q) = −e2
∫
l
KΛR(l)
[
γµS
ΛR∞(p− q + l)γνD
ΛR∞
µν (l − q)− (q ↔ p)
]
(33)
The renormalization conditions (31) are compatible with the effective Ward identity (32)
provided
iγµ(z
(1)
2 − z
(1)
1 ) = −
1
e
∂T (1)ΛR∞(p, 0)
∂pµ
|p=0 = iγµ
53
960
e2
π2
(34)
The last non-vanishing renormalization condition is determined by the effective Ward iden-
tities to be (see also [12])
Γ(1)ΛR∞µνρσ (0, 0, 0) = −
e4
12π2
(δµνδρσ + δµρδνσ + δµσδνρ) (35)
Having fixed the renormalization conditions, we can determine the counterterms in the bare
action
c
(1)
1 =
e2Λ20
24π2
c
(1)
2 =
e2
12π2
(ln
Λ2R
Λ20
+
19
15
) + z
(1)
3 c
(1)
3 = −
e2
24π2
c
(1)
4 =
e2
16π2
(ln
Λ2R
Λ20
+
51
20
) + z
(1)
1 c
(1)
5 =
e2
16π2
(ln
Λ2R
Λ20
+
5
2
) + z
(1)
1 c
(1)
6 = −
e4
12π2
(36)
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These counterterms include the finite parts needed to satisfy the effective Ward identities at
ΛR; they are easily computed due to the choice of the HS scheme and of the cut-off (27). A
partial determination of the one-loop counterterms in QED using the exact renormalization
group approach and renormalization conditions at Λ = 0 can be found in [12] and [22]; in
[22] the cut-off (27) is also used.
After integrating out the soft modes, the usual Ward identities are automatically satisfied.
Let us check them in two cases.
The vacuum polarization is transverse:
A(1)0∞(p2) =
e2
12π2
(−ln
p2
Λ2R
+
7
15
) + z
(1)
3 B
(1)0∞(p2) = 0 (37)
The self-energy of the electron
Σ(1)0∞(p) = i/p
[
e2
16π2
(−ln
p2
Λ2R
+
103
60
) + z
(1)
1
]
(38)
and the vertex
Γ(1)0∞µ (p,−q) = ieγµ
[
z
(1)
1 −
e2
8π2
(
77
120
+
∫ 1
0
dx
∫ 1−x
0
dy ln
Q2
Λ2R
)]
+
ie3
8π2
∫ 1
0
dx
∫ 1−x
0
dy
[−/px+ /q(1− y)]γµ[−/qy + /p(1− x)]
Q2
(39)
Q2 = p2x(1− x) + q2y(1− y)− 2p · qxy
satisfy the relation: (p− q)µΓ
(1)0∞
µ (p,−q) + e[Σ
(1)0∞(q)− Σ(1)0∞(p)] = 0.
B. Axial Ward identities at one loop
The effective axial Ward identities can be discussed analogously to the effective gauge
Ward identities. The HS renormalization conditions are chosen compatible with the effective
gauge Ward identities; we will verify now that it follows that the effective axial Ward iden-
tities are anomalous; only zero-momentum graphs at ΛR need to be evaluated to determine
the anomaly. For a computation of the axial anomaly in QED using the flow equation and
imposing the usual gauge Ward identity see [12].
At one loop the fermion-axial vector vertex is equal to the fermion-photon vertex, mul-
tiplied by γ5; the same is true for the corresponding effective axial Ward identity, which is
equivalent to the effective gauge Ward identity eq. (32).
The matrix element of iψ¯γµγ5ψ(x) in the two-photon sector must include a counterterm
due to the possible mixing with ǫµνρσF
νρAσ:
Γ
(1)ΛRΛ0
5µ,νρ (q, p) = 2ie
2
∫
l
Trγµγ5S
ΛRΛ0(l − q)γνS
ΛRΛ0(l)γρS
ΛRΛ0(l + p)
+c(1)ǫµνρσ(p− q)σ (40)
It satisfies the gauge effective Ward identity (14)
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qνΓ
(1)ΛRΛ0
5µ,νρ (q, p) = 2e
2
∫
l
Trγµγ5
[
KΛR(l − q)S
ΛRΛ0(l)− SΛRΛ0(l − q)KΛR(l)
]
γρS
ΛRΛ0(l + p)
+O
(1)ΛRΛ0
5µρ (q, p) (41)
and the axial effective Ward identity (19)
(q + p)µΓ
(1)ΛRΛ0
5µ,νρ (q, p) = 2e
2
∫
l
Trγργ5
[
KΛR(l − q)S
ΛRΛ0(l + p)− (p↔ −q)
]
γνS
ΛRΛ0(l)
+O˜
(1)ΛRΛ0
5νρ (q, p) (42)
The renormalization conditions on Γ
(1)ΛRΛ0
5µ,νρ (q, p) are chosen such that O
(1)ΛRΛ0
5νρ is evanescent:
∂2
∂qα∂pβ
O
(1)ΛR∞
5νρ (q, p)|p=q=0 = 0 which implies
∂
∂pσ
Γ
(1)ΛR∞
5µ,νρ (0, p)|p=0 = 4e
2
∫
l
Tr
∂KΛR
∂lν
γ5γµS
ΛR∞γρ
∂SΛR∞
∂lσ
=
4e2
3
ǫµνρσ
∫
l
∂
∂lα
[
(1−KΛR)
3 l
α
(l2)2
]
=
e2
6π2
ǫµνρσ (43)
This condition determines the value of c(1) of eq. (40). It follows that O˜ is fixed by the
effective axial Ward identity eq. (42) to satisfy
∂2
∂qα∂pβ
O˜
(1)ΛR∞
5νρ (q, p)|p=q=0 =
e2
2π2
ǫνραβ (44)
which is the anomaly of the axial Ward identity. Observe that in this formulation the
anomaly is evaluated in terms of explicitly zero momentum finite integrals, which do not
depend on the explicit form of the cut-off function. In fact the integral in (43) is a total
divergence. It is interesting to observe that the triangle graph does not give any contribution
to the anomaly for ΛR 6= 0, so that c
(1) = e
2
6pi2
; in fact
∂
∂pβ
Γ
(1)ΛRΛ0
5µ,νρ (0, p)|p=0 = −
8e2
3
ǫµγρδ
∫
l
∂
∂lβ
[
(KΛ0 −KΛR)
3 (l)
∂
∂lν
(
lγ
l2
)
lδ
l2
]
= 0 (45)
For example in the limit in which KΛ is the step function the integral in eq. (45) is propor-
tional to (∫
ΣΛ0
dΣβ −
∫
ΣΛR
dΣβ
)
∂
∂lν
(
lγ
l2
)
lδ
l2
= 0 (46)
The two surface contributions, coming from the spheres l2 = Λ20 and l
2 = Λ2R cancel each
other.
The AAA vertex satisfies at one loop an effective Ward identity which is formally the
same as eq. (42), but now the vertex ΓΛRΛ0µνρ is completely symmetric, so that it admits no
counterterm. Therefore O˜rel = −T rel, and the AAA anomaly is one-third of the AV V
anomaly.
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III. EXACT RENORMALIZATION GROUP
In the first section we considered a fixed scale decomposition, in which the soft and hard
modes are separated at the renormalization scale ΛR. Changing the separation point to an
arbitrary scale Λ > 0 and changing appropriately the renormalization conditions, i.e. choos-
ing the parameters z1Λ and z3Λ, which are not constrained by the effective Ward identities,
the physical quantities are unchanged. It is possible to write an exact renormalization flow
equation describing the continuous change of the Wilsonian effective action WΛΛ0 .
The generating functional of the connected (interacting) amputated Green functions
LΛΛ0 [φ,ΦS] satisfies
WΛΛ0 [J,ΦS] =
1
2
JDTΛΛ0J −
1
2
ΦSD
−1
0ΛΦS − LΛΛ0 [D
T
ΛΛ0
J,ΦS]
The same proof which led to eqs. (8,9) shows that actually LΛΛ0 depends on its two arguments
only through their sum ΦS + φ ≡ Φ so we will consider the simpler functional LΛΛ0 [Φ] (see
also [8]). Another way to see this fact exploits the following representation of the functional
LΛΛ0 [5]:
e−LΛΛ0 [φ+ΦS ] = e∆ΛΛ0(
δ
δφ)e−LΛ0 [φ+ΦS ] (47)
where LΛ0 is equal to the bare lagrangian, apart from the tree-level kinetic term, and ∆ΛΛ0
is the functional Laplacian:
∆ΛΛ0 =
1
2
δ
δφi
DΛΛ0ji
δ
δφj
LΛ0 depends on φ and on the background ΦS through their sum, therefore LΛΛ0 will depend
only on ΦS + φ. The above proof shows that, in case of propagators DΛΛ0 with compact
support, the amputated Green functions of the theory, a priori defined only for momenta in
this support, can be continued to arbitrary momenta by performing functional derivatives
with respect to the background field.
LΛΛ0 [Φ] satisfies the flow equation [4]
∂ΛLΛΛ0 = (∂Λ∆ΛΛ0)LΛΛ0 −
1
2
L′ΛΛ0
(
∂ΛD
T
ΛΛ0
)
L′ΛΛ0 (48)
where L′ΛΛ0 ≡
δLΛΛ0
δΦ
.
In the Polchinski approach [4] LΛ0 is the boundary condition for the flow equation (48).
The coefficients of the relevant polynomials in the fields, which appear in LΛ0 , must depend
in a suitable way on the ultraviolet cut-off. This dependence is fixed by imposing the renor-
malization conditions on the relevant components of the functional LΛRΛ0 . Perturbatively
the relations between the renormalization conditions and the bare boundary condition is
invertible and no ambiguities are involved.
Using a cut-off function with compact support, Polchinski gave a simple proof of the
power-counting renormalization theorem; the proof has been generalized and further sim-
plified in [5,23,24,7]. Analogous results have been obtained using an exponential cut-off in
[25]; a proof of renormalizability with a Pauli-Villars cut-off, like that of eq. (27), has not
yet been given using only the flow equation.
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An expression analogous to eq. (47) holds for the generating functional of the connected
and amputated graphs with an insertion of a composite operator M:
MΛΛ0[φ,ΦS] = e
LΛΛ0 [φ,ΦS]e∆ΛΛ0(
δ
δφ)MΛ0[φ,ΦS]e
−LΛ0 [φ,ΦS ] (49)
where MΛ0 is the bare insertion. If MΛ0, as well as LΛ0 , depends on φ+ΦS eq. (49) shows
that also MΛΛ0 depends on the fields only through Φ. MΛΛ0[Φ] satisfies, by construction,
the linear differential equation for the connected insertion of an operator:
∂ΛMΛΛ0 = (∂Λ∆ΛΛ0)MΛΛ0 − L
′
ΛΛ0
(
∂ΛD
T
ΛΛ0
)
M
′
ΛΛ0 (50)
Eq. (50) is the starting point to prove the renormalizability of a composite operator
of dimension d, defined by a bare boundary condition MΛ0 at Λ = Λ0 (a polynomial of
dimension d in the fields, compatible with the rigid symmetries) and by the renormalization
conditions at Λ = ΛR. In particular if at Λ = ΛR the relevant part of MΛRΛ0 is zero (or
suitably vanishing as Λ0 → ∞) and if the irrelevant part of MΛ0 fulfils suitable bounds in
the Λ0 dependence then limΛ0→∞MΛΛ0 = 0 [23].
A. Effective Ward identities and infrared convergence
The validity of the Ward identities in QED has been studied using the flow equation
in [15,16] choosing renormalization conditions at Λ = 0 compatible with the usual Ward
identities.
We want to show that, choosing a HS scheme satisfying eq. (16), the exact effective Ward
identities (17) are satisfied; moreover the usual Ward identities and the infrared finiteness
of the theory follow without further constraints for Λ→ 0.
The effective Ward identity on LΛΛ0 is obtained defining
OΛΛ0 [Φ;ω] = i
∫
dxω(x)OΛΛ0 [x,Φ] = (51)
= eLΛΛ0 [Φ]e∆ΛΛ0(
δ
δΦ)
{
−
[
(RΦ+ T )KΛ0L
′
Λ0
[Φ] + ΦD−1RΦ
]
e−LΛ0 [Φ]
}
and proving that OΛΛ0 → 0 for Λ0 →∞.
Φ is the multiplet of independent fields (Aµ, ψ, ψ¯) and R and T are the parameters de-
scribing the gauge transformations, introduced in the first section. Notice that the argument
in square brackets on the r.h.s. of this equation is equal to OΛ0 [Φ;ω] defined in eq. (12),
with Φ = ΦS + ΦH .
One wants to show that it is possible to choose the renormalization conditions on LΛRΛ0
in such a way that the operator defined in eq. (51) is evanescent. Indeed the relevant parts
of OΛRΛ0 can be related to those of LΛRΛ0 by the interpolating effective Ward identity which
can be obtained simply by commuting the argument in the square brackets in (51) with the
exponential of the functional Laplacian:
OΛΛ0 [Φ;ω] = −TKΛ0L
′
ΛΛ0 [Φ]− ΦD
−1RΦ + ΦD−1RDΛΛ0L
′
ΛΛ0 [Φ] (52)
−ΦRTKΛL
′
ΛΛ0
[Φ] + L
′
ΛΛ0
[Φ]DTΛΛ0R
TKΛL
′
ΛΛ0
[Φ]− TΛΛ0 [Φ;ω]
where
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TΛΛ0 [Φ;ω] = i
∫
dxω(x)TΛΛ0 [x,Φ] = trKΛRDΛΛ0L
′′
ΛΛ0
[Φ] (53)
We realize that only the first three terms in the r.h.s. of eq. (52) are present in the broken
Ward identity of ref. [15], [16] all the others terms being contained in a redefinition of OΛΛ0 ,
which then does not satisfy the linear equation of the insertions (50). These three addenda
are the only ones surviving in the formal limit Λ → 0, Λ0 → ∞, giving the usual Ward
identities.
From now on we consider explicitly the case of the cut-off functionK
(
p2
Λ2
)
withK = K(x)
a C∞ function with compact support (equal to 1 for x ≤ 1 and equal to zero for x ≥ 4).
In order to connect the relevant parts of LΛRΛ0 and OΛRΛ0 it is sufficient to consider the
functional derivatives of eq. (52) with respect to the fields ψ¯α1(p1) . . . ψβn(qn) . . . Aµm(km)
and to the gauge parameter ω, in a suitable neighbourhood of the origin of momentum
space. Noticing that the terms ΦD−1RDΛΛ0L
′
ΛΛ0
[Φ] and L
′
ΛΛ0
[Φ]DΛΛ0R
TKΛL
′
Λ0Λ
[Φ] do not
give contribution in this region, we obtain for the l-th term in the loop expansion:
O
(l)ΛΛ0
2nm (α1p1, . . . , αnpn; β1q1, . . . , βnqn;µ1k1, . . . , µmkm) =
1
e
PµL
(l)ΛΛ0
2nm+1(α1p1, . . . , αnpn; β1q1, . . . , βn−1qn−1, βn;µ1k1, . . . , µmkm, µP ) + (54)
n∑
j=1
(−1)n−j
[
L
(l)ΛΛ0
2nm (Pj)− L
(l)ΛΛ0
2nm (Qj)
]
− T
(l)ΛΛ0
2nm (α1p1, .., αnpn; β1q1, .., βnqn;µ1k1, .., µmkm)
where the multi-indices Pj and Qj are defined by:
Pj ≡ (α1p1, .., αj−1pj−1, αj+1pj+1, .., αnpn, αj P+pj; β1q1, .., βn−1qn−1, βn;µ1k1, .., µmkm)
Qj ≡ (α1p1, .., αnpn; β1q1, .., βj−1qj−1, βj+1qj+1, .., βnqn, βj;µ1k1, .., µmkm)
and
T
(l)ΛΛ0
2nm (α1p1, .., αnpn; β1q1, .., βnqn;µ1k1, .., µmkm) =
(−1)n+1
∫
p
KΛ(p)
[
SΛΛ0β α (p+ P )L
(l−1)ΛΛ0
2n+2m (α1p1, .., αnpn, α −p; β1q1, .., βnqn, β;µ1k1, .., µmkm)
−L
(l−1)ΛΛ0
2n+2m (α1p1, .., αnpn, α p+P ; β1q1, .., βnqn, β;µ1k1, .., µmkm)S
ΛΛ0
βα (−p− P )
]
(55)
with P = −
(∑n
j=1 pj +
∑n
j=1 qj +
∑m
r=1 kr
)
.
Eq. (54) holds for n > 0 and l > 0. For n = 0 the second term in the r.h.s. is absent.
For l = 0 the r.h.s. of eq. (54), which now includes for m = 0 and n = 1 the term
[−S−1α1 β1(−p1) + S
−1
α1 β1
(q1)] , is zero due to the gauge invariance of the classical action.
A little digression on the notation is in order: because of translation invariance, the C∞
functions LΛΛ02nm depend, for Λ > 0, only on 2n + m − 1 momenta. In the case n > 0 we
consider by convention LΛΛ02nm dependent on n − 1 momenta q of the fermionic fields ψ(q);
therefore eq. (54) (as well as other similar in the following) appears to be asymmetric in the
fermionic variables. For n = 0 the functions LΛΛ00m depend on m − 1 bosonic momenta and
eq. (54) changes accordingly.
As a consequence of charge conservation the r.h.s. of eq. (54) is equal to zero for P = 0
and thus the renormalization conditions for OΛRΛ0 which do not include some derivative are
vanishing. We are then interested in considering derivatives of order z > 0 with respect to
momenta.
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Let us discuss briefly the various relevant sectors of eq. (54).
i) m = 1, n = 0, z = 1, 2, 3 :
we can analyze all these cases by considering the Mc Laurin expansion up to the third order
in the momenta. The first addendum on the r.h.s. of eq. (54) yields:
−1
e
kµL
(l)ΛRΛ0
µν (k)|rel = −
1
e
kµ
[
z
(l)
3 (k
2δµν − kµkν) + (ξ
(l)
1 + ξ
(l)
2 k
2)δµν
]
= −1
e
kν(ξ
(l)
1 + ξ
(l)
2 k
2).
O(4) symmetry and smoothness imply that T (l)ΛRΛ0ν (k)|rel has the same tensorial structure
as the r.h.s. of the previous equation, so that by a suitable choice of the renormalization
constants ξ
(l)
1 and ξ
(l)
2 one imposes O
(l)ΛRΛ0
ν (k)|rel = 0 (at one loop see eq. (30)).
ii) m = 2, n = 0 :
invariance under charge conjugation (Furry theorem) leads to L(l)ΛRΛ0µρσ (k1, k2) = 0 and
T (l)ΛRΛ0ρσ (k1, k2) = 0: the r.h.s. of eq. (54) vanishes identically.
iii) m = 3, n = 0, z = 1 :
−1
e
(k1 + k2 + k3)µL
(l)ΛRΛ0
ρστµ |rel = −
1
e
(k1 + k2 + k3)µδ(µρδστ)ξ
(l)
4
T (l)ΛRΛ0ρστ (k1, k2, k3)|rel has the same structure as the r.h.s. of the previous equation; indeed
by applying ∂
∂k1ν
for k1 = k2 = k3 = 0 to the r.h.s. of eq. (55) for n = 0 and m = 3,
one notices that the only non vanishing contributions arise when the derivative act on the
P = −(k1+k2+k3) variable. Namely to the first order T
(l)ΛRΛ0
ρστ depends on the momenta only
through P , then the bosonic and O(4) symmetries lead easily to the conclusion. Therefore
with a suitable choice of the renormalization coefficient ξ
(l)
4 (at one loop see eq. (35)) it is
possible to set OΛRΛ0ρστ |rel = 0.
iv) m = 0, 2n = 2, z = 1:
for l > 0 the first two addenda on the r.h.s. of eq. (54) give{
−1
e
(p+ q)µL
(l)ΛRΛ0
αβµ (p;−p− q) + L
(l)ΛRΛ0
αβ (−q)− L
(l)ΛRΛ0
αβ (p)
}
|rel = −i(z
(l)
1 − z
(l)
2 )(/p+ /q)αβ
where z
(l)
1 and z
(l)
2 are the renormalization constants already introduced for l = 1 in sect. II.
Using charge conjugation invariance it is easy to show that T
(l)ΛRΛ0
αβ (p, q) has the same
structure so that O
(l)ΛRΛ0
αβ |rel = 0 can be satisfied with a suitable choice of z
(l)
1 − z
(l)
2 (see
eq. (32).
Observe that the effective Ward identities determine the renormalization conditions up
to the two arbitrary constants z1 and z3.
After this discussion a formal proof of ultraviolet and infrared finiteness of QED can be
made along these lines: one wants to prove a series of suitable bounds concerning the ultra-
violet and infrared behavior of L
(l)ΛΛ0
2n m , in an inductive scheme in the loop index l. Because of
our choice of the cut-off function K we can use the results of [16,7]. The infrared finiteness
of a theory with massless fermions and photons has been proven in [16], independently of
any Ward identity, provided the renormalization conditions
L
(l) 0Λ0
αβ (0) = L
(l) 0Λ0
µν (0) = 0 (56)
are imposed. We shall see that, for arbitrary values of z1 and z3, eqs. (56) are satisfied.
The ultraviolet part of the proof is standard, ultraviolet finiteness following, for Λ > 0,
from arbitrary renormalization conditions at Λ = ΛR, not necessarily compatible with the
Ward identities. From the U-V bounds for L
(l)ΛΛ0
2n m [5] one obtains as a consequence the suit-
able power-counting bounds for the irrelevant components of O
(l)
Λ0 of eq. (51) that, together
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with O
(l)
ΛRΛ0
|rel = 0, lead to limΛ0→∞O
(l)
ΛΛ0 [Φ] = 0. Therefore for Λ > 0 and loop l we can
perform the limit Λ0 →∞ in eq. (52), so that the effective Ward identities are satisfied.
We have to discuss now at loop l the Λ→ 0 limit. From the infrared bounds on the ver-
tices [16,7], which are valid by induction hypothesis at loop order l′ ≤ l − 1, and using eq. (55)
one has limΛ→0 ∂kµT
(l)ΛΛ0=∞
ν (k)|k=0 = 0. Using eq. (54) with m = 1, n = 0, z = 1 one gets
limΛ→0 L
(l)ΛΛ0=∞
µν (0) = 0. Moreover the renormalization conditions on L
(l)ΛRΛ0
αβ (0) has not
been involved in the effective Ward identity (54), so that we can choose L
(l)ΛRΛ0
αβ (0) = 0;
from rigid axial symmetry it follows that L
(l)ΛΛ0
αβ (0) = 0 for any Λ. Therefore eqs. (56) are
satisfied and one can prove all the I-R bounds at loop l as required by the induction scheme,
so that finiteness together with all the effective Ward identities are proved; moreover for non-
exceptional momenta the T (l) functions of eq. (55) go to zero as Λ → 0, and one recovers
the usual Ward identities.
Notice that this renormalization procedure is not sufficient in massless scalar QED to
ensure infrared finiteness, since there is no chiral symmetry protecting the scalar from getting
a mass. Imposing renormalization conditions compatible with the effective Ward identities,
the theory is ultraviolet finite and satisfies the effective Ward identities for Λ > 0 and
Λ0 →∞, but infrared finiteness requires that the renormalization conditions on L
(l)ΛRΛ0
φ2 (0)
must be chosen in such a way that limΛ→0L
(l)ΛΛ0
φ2 (0) = 0. This fine tuning is typical for
theories with massless scalars.
B. Gauge invariance of composite operators
In this subsection we will shortly discuss the gauge invariance of composite operators.
One associates to the gauge variation of a local composite operator J(x) the insertion:
OJΛΛ0 [x; Φ;ω] = i
∫
dx′ ω(x′)OJΛΛ0[x
′, x; Φ]
= eLΛΛ0 [Φ] e∆ΛΛ0(
δ
δΦ)
[
(RΦ + T )KΛ0
δ
δΦ
− ΦD−1RΦ
] (
JΛ0[x; Φ] e
−LΛ0 [Φ]
)
(57)
JΛ0 [x; Φ] being the bare composite operator, boundary condition of eq. (50). By commuting
the argument of the square brackets with the exponential of the Laplacian we easily get the
following expression in terms of the functional JΛΛ0 [x; Φ], solution of eq. (50):
OJΛΛ0 [x; Φ;ω] = TKΛ0J
′
ΛΛ0
[x; Φ]− ΦD−1RDΛΛ0J
′
ΛΛ0
[x; Φ] + ΦRTKΛJ
′
ΛΛ0
[x; Φ]
−J
′
ΛΛ0
[x; Φ]
(
DΛΛ0R
TKΛ +KΛRDΛΛ0
)
L
′
ΛΛ0
[Φ] + T JΛΛ0 [x; Φ;ω] +OΛΛ0[Φ;ω]JΛΛ0 [x; Φ] (58)
where
T JΛΛ0[x; Φ;ω] = trKΛRDΛΛ0J
′′
ΛΛ0
[x; Φ] (59)
The primes mean as usual differentiation with respect to Φ; OΛΛ0 is the functional corre-
sponding to the evanescent operator discussed in the previous subsection.
To show that a composite operator J is gauge invariant, one has to prove that it is possible
to impose the renormalization conditions on J in such a way that OJΛΛ0 is evanescent. In
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particular if JΛ0 is gauge invariant at classical level one checks easily from eq. (57) that O
J
ΛΛ0
is evanescent at tree level. We stress that by gauge invariant operator we mean an operator
satisfying the effective Ward identities; we do not address the question of its independence
from the gauge fixing parameter.
Taking the functional derivative with respect to the fields and the gauge parameter ω,
in a suitable neighbourhood of the origin of the momentum space, eqs. (58) and (59) yield
for l > 0 (modulo evanescent terms):
O
(l)ΛΛ0
J 2nm(α1p1, . . . , αnpn; β1q1, .., βnqn;µ1k1, .., µmkm;Q) =
−
1
e
PµJ
(l)ΛΛ0
2nm+1(α1p1, .., αnpn; β1q1, .., βn−1qn−1, βnqn;µ1k1, .., µmkm, µP ) (60)
−
n∑
j=1
[
J
(l)ΛΛ0
2nm (Pj)− J
(l)ΛΛ0
2nm (Qj)
]
+ T
(l)ΛΛ0
J 2nm (α1p1, .., αnpn; β1q1, .., βnqn;µ1k1, .., µmkm;Q)
where the multi-indices Pj and Qj are defined by
Pj ≡ (α1p1, .., αj−1pj−1, αj P+pj, αj+1pj+1, .., αnpn; β1q1, .., βnqn;µ1k1, .., µmkm)
Qj ≡ (α1p1, .., αnpn; β1q1, .., βj−1qj−1, βj P+qj, βj+1qj+1, βnqn;µ1k1, .., µmkm)
and
T
(l)ΛΛ0
J 2nm(α1p1, .., αnpn; β1q1, .., βnqn;µ1k1, .., µmkm;Q) = (−1)
n+1
∫
p
{
KΛ(p)×
×
[
SΛΛ0β α (p+ P )J
(l−1)ΛΛ0
2n+2m (α1p1, .., αnpn, α −p; β1q1, .., βnqn, β P+p;µ1k1, .., µmkm) (61)
−J
(l−1)ΛΛ0
2n+2m (α1p1, .., αnpn, α p+P ; β1q1, .., βnqn, β −p;µ1k1, .., µmkm)S
ΛΛ0
βα (−p− P )
]}
with P = −(
∑n
j=1 pj +
∑n
j=1 qj +
∑m
r=1 kr +Q).
In eqs. (60) and (61) Q is the momentum conjugated to the x variable in eq. (58); notice that
the arguments of the J functions refer to the fields variables, their sum is therefore always
equal to −Q.
We shall discuss the cases J(x) = iψ¯γτγ5ψ(x) ≡ J
τ
5 (x) and J(x) = FF˜ (x), the former
renormalized as an operator of dimension 3, the latter as an operator of dimension 4.
For Jτ5 the relevant projections of O
J are:
n = 0, m = 1, z = 0, 1, 2; n = 0, m = 2, z = 0, 1; n = 0, m = 3, z = 0;
n = 1, m = 0, z = 0.
The rigid symmetries constrain Jτ5Λ0 to be a linear combination of ψ¯γ
τγ5ψ and ǫτνρσF
νρAσ.
The z = 0 projections are identically satisfied because of charge conservation.
For m = 1, n = 0, z = 1 all the addenda of eq. (60) vanish, since no pseudotensor with
three indices exists.
For m = 1, n = 0, z = 2 there is one possible structure, the pseudotensor ǫτρµν . Thus
the completely antisymmetric tensor ∂
∂k1ρ
J
τ(l)ΛRΛ0
5µν (k1, k2)|k1=k2=0 apart from some trivial
numerical constant is to be chosen equal to ∂
∂k1ρ
∂
∂Qµ
T
τ(l)ΛRΛ0
5ν (k1;Q)|k1=Q=0 which does not
vanish as shown in sect. II.
The projections m = 2, n = 0 involve (q1 + q2 + Q)µJ
τ(l)ΛRΛ0
5νρµ (q1, q2,−q1 − q2 − Q) and
T
τ(l)ΛRΛ0
5νρ and both, because of charge conjugation invariance, are identically zero.
The identity for m = 3, n = 0, z = 0 is satisfied, as well as for 2n = 2, m = 0, z = 0.
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The conclusion of our analysis is that Jτ5ΛΛ0[x; Φ] is unambiguosly determined up to a
multiplicative constant which is fixed by the renormalization condition
J
(l)τΛRΛ0
5αβ (0) = iσ
(l)(γτγ5)αβ (62)
the mixing between the two possible bare operators being determined loop by loop by the
requirement of gauge invariance.
One can introduce at scale ΛR for an operator of dimension d an analogue of the Zim-
mermann normal product, which we call NΛR cd [J ] (c meaning connected rather than proper),
by choosing for l > 0 vanishing renormalization conditions at Λ = ΛR and zero momentum
[26,11,23]. Notice that for Jτ5 the renormalization recipe N
ΛR c
3 [J
τ
5 ] is not gauge invariant, as
we saw explicitly in eq. (43). The composite operator so defined is infrared finite, namely
the limit Λ→ 0 exists for non-exceptional momenta; in fact, as already stated, the positive
dimension Green functions JτΛΛ05µ (0), J
τΛΛ0
5µν (0, 0) and ∂ρJ
τΛΛ0
5µ (0) are zero due to the rigid
symmetries of theory (the condition analogue of eq. (56) is then satisfied); as a consequence
T τ5ΛΛ0 [x; Φ] → 0 as Λ → 0 and in this limit we recover the usual Ward identity for the
composite operators.
As a last remark we note that due to linearity of eq. (58) ∂
∂xτ
JτΛΛ05 [x,Φ] fulfils the effective
Ward identity too, in the limit Λ0 →∞.
Similar considerations can be repeated for the renormalization of FF˜ (which mixes with
∂µ(ψ¯γµγ5ψ) ) but now the result is simpler: indeed N
ΛR c
4 [FF˜ ] yields a gauge invariant
renormalization.
C. Effective axial Ward identity
Let us consider the insertion O 5ΛΛ0 [x,Φ] defined by eq. (51) with T = 0 and R = R5
parameter of a local axial transformation. At tree level, by the naive Noether construction,
it is equal to −i∂µJ
µ
5ΛΛ0 [x,Φ]; at quantum level
iO 5ΛΛ0 [x; Φ]− ∂µJ
µ
5ΛΛ0
[x; Φ] ≡ iAΛΛ0[x; Φ]
represents the anomaly term. Proceeding as in (51) and (52) we get:
i
∫
dxω5(x)AΛΛ0[x; Φ] = −
∫
dxω5(x) ∂µJ
µ
5ΛΛ0
[x; Φ]− ΦD−1R5Φ+ ΦD
−1R5DΛΛ0L
′
ΛΛ0
[Φ]
−ΦRT5KΛL
′
ΛΛ0
[Φ]− L′ΛΛ0 [Φ]DΛΛ0R
T
5KΛL
′
ΛΛ0[Φ]− T5ΛΛ0 [Φ;ω5] (63)
where
T5ΛΛ0 [Φ;ω5] = trKΛR5DΛΛ0L
′′
ΛΛ0
[Φ] (64)
We stress that the composite operator AΛΛ0[x; Φ] satisfies the flow equation (50), indeed
both O 5ΛΛ0 [x; Φ] and ∂µJ
µ
5ΛΛ0
[x; Φ] solve this linear equation.
Let us show that, by a suitable choice of the renormalization constant σ(l) of eq. (62)
lim
Λ0→∞
AΛΛ0 [x; Φ] = a lim
Λ0→∞
[
NΛRc4 [FF˜ ]
]
ΛΛ0
[x; Φ] (65)
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where a is the coefficient of the anomaly, which is independent from Λ and ΛR.
The operator AΛΛ0 of dimension 4 is defined by its renormalization conditions, which
from eq. (63) are determined by those of LΛRΛ0 and J
µ
5ΛRΛ0
.
Consider eq. (63) in a suitably small neighbourhood of the origin of the momenta and
for Λ = ΛR and l > 0:
A
(l)ΛRΛ0
2nm (α1p1, .., αnpn; β1q1, .., βnqn;µ1k1, .., µmkm) =
=
n∑
j=1
(−1)n−j[γ5αj αL
(l)ΛRΛ0
2nm (Pjα) + L
(l)ΛRΛ0
2nm (Qjβ)γ
5
ββj
] (66)
−[T
(l)ΛRΛ0
5 2nm + PτJ
(l)τΛRΛ0
2nm ](α1p1, .., αnpn; β1q1, .., βnqn;µ1k1, .., µmkm)
where Pjα and Qjβ are defined by
Pjα ≡ (α1p1, .., αj−1pj−1, αj+1pj+1, .., αnpn, α P + pj ; β1q1, .., βn−1qn−1, βn;µ1k1, .., µmkm)
Qjβ ≡ (α1p1, .., αnpn; β1q1, .., βj−1qj−1, βj+1qj+1, .., βnqn, β;µ1k1, .., µmkm)
and
T
(l)ΛRΛ0
5 2nm (α1p1, .., αnpn; β1q1, .., βnqn;µ1k1, .., µmkm) = (−1)
n+1
∫
p
{
KΛR(p)×
×
[
SΛRΛ0β α (p+ P )γ
5
αα′L
(l−1)ΛRΛ0
2n+2m (α1p1, .., αnpn, α
′ −p; β1q1, .., βnqn, β;µ1k1, .., µmkm) (67)
+L
(l−1)ΛRΛ0
2n+2m (α1p1, .., αnpn, α p+P ; β1q1, .., βnqn, β
′;µ1k1, .., µmkm)γ
5
β′βS
ΛRΛ0
βα (−p− P )
]}
with P = −
(∑n
j=1 pj +
∑n
j=1 qj +
∑m
r=1 kr
)
. As regards the momentum dependence in
eq. (66) considerations similar to those after eq. (54) hold. When we consider the rele-
vant projections in eq. (66) we find, using the rigid symmetries of LΛΛ0 and of J
τ
5ΛΛ0 , that
all the renormalization conditions of AΛRΛ0 are zero identically (i.e. independently of the
renormalization conditions on Jτ5 ) but the following two:
i) 2n = 2, m = 0, z = 1:
the divergence of the current on the r.h.s. gives i(/p + /q)γ5σ
(l), where σ(l) is the (ar-
bitrary for the moment) renormalization constant in eq. (62). The first addendum in
the r.h.s. of eq. (66) gives an analogous term
[
γ5αα′L
(l)ΛRΛ0
α′β (−q) + L
(l)ΛRΛ0
αβ′ (p)γ
5
β′β
]
|rel =
−iz
(l)
2 [(/p+ /q)γ5]αβ. Using charge conjugation invariance of LΛΛ0 one checks that
T
(l)ΛRΛ0
5αβ (p, q)|rel = it
(l) [(/p+ /q)γ5]αβ, where t
(l) depends on L
(l′)
ΛΛ0 at loop l
′ < l. Fixing loop
by loop σ(l) in terms of z
(l)
2 we can set to zero the corresponding renormalization condition
on A
(l)
ΛRΛ0
.
ii) m = 2, n = 0, z = 2:
the divergence term ∂
∂k1ρ
∂
∂k2σ
(k1+k2)τJ
τ(l)ΛRΛ0
5µν (k1, k2)|k1=k2=0 = 2
∂
∂k1ρ
J
σ(l)ΛRΛ0
5µν (k1, k2)|k1=k2=0
as previously discussed is not vanishing because of gauge invariance, but also the term
∂2
∂k1ρ∂k2σ
T (1)ΛRΛ0µν (k1, k2)|k1=k2=0 is not vanishing, both the quantities for O(4) symmetry and
parity being proportional to ǫρσµν . At one loop the two terms, both proportional to the same
integral, were computed in sect. II; they sum up to give the well-known coefficient of the
anomaly. By direct inspection on the renormalization conditions of A and comparison with
those of NΛRc4 [FF˜ ] we can state that for Λ0 →∞ the two functional are proportional. Since
AΛΛ0 and
[
NΛRc4 [FF˜ ]
]
ΛΛ0
satisfy eq. (50), a is independent of Λ; for dimensional reasons it
is also ΛR-independent.
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CONCLUSIONS
Polchinski has shown that the Wilsonian renormalizaton group can be applied to get a
rigorous proof of renormalizability, which avoids the subleties involved in the BPHZ tech-
nique.
In this paper we show that this method provides a natural generalization of the hard-soft
renormalization program suggested in [3], in which the renormalization scale ΛR substitutes
the momentum subtraction scale µ as the only dimensional parameter introduced in the
renormalization of massless theories. To prove that physical quantities are independent
from ΛR, it is necessary to find the Gell-Mann and Low renormalization group equation
in the HS schemes, discussed in [3,9]. In this sense the coupling constants in HS schemes
are as ‘physical’ as in the non-zero momentum subtraction scheme. Our modification of
the HS scheme introduced in [3] has the advantage of requiring renormalization conditions
only at ΛR, while in [3] there are also renormalization conditions at Λ = 0; furthermore,
renormalizability is investigated using the method of the flow equation instead of BPHZ.
As in the usual BPHZ treatment, the validity of Ward identities is established associating
to them a composite operator which, if the Ward identities are not anomalous, can be proven
to be evanescent; otherwise it is a local operator, the anomaly. The HS scheme has the
advantage that this can be done computing simply zero-momentum graphs.
As an example of the application of this method, we consider the case of massless QED.
Using the flow equation and some results of [16], we prove the validity of the effective
Ward identities for massless QED at quantum level; then we show that, for any HS scheme
compatible with the effective Ward identities and the rigid symmetries, the theory is infrared
finite. We define in the same formalism the gauge-invariant axial current operator and its
anomaly.
In the case of Yang-Mills the effective Ward identities have been proven in [11] in a HS
scheme; it would be interesting to prove infrared finiteness in the same scheme.
Note Added in Proof
To prove the evanescence of OJΛΛ0 in eq.(57) , one cannot use directly its flow equation
(50), since it is a disconnected insertion; however its connected part OJΛΛ0 − OΛΛ0JΛΛ0
satisfies a modified flow equation, which differs from eq.(50) by an inhomogeneous term
O′ΛΛ0∂ΛD
T
ΛΛ0J
′
ΛΛ0 . Using this modified flow equation and the fact that OΛΛ0 is evanescent
(see Subsection III.A) the proof of evanescence of OJΛΛ0 − OΛΛ0JΛΛ0 , and hence of O
J
ΛΛ0
,
is essentially the same as in the standard one for a connected operator insertion satisfying
eq.(50).
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